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improved working fluids, novel 
channel walls with enhanced 
heat insulation features, or 
inventive geometric designs. 
Therefore, the study of fluid 
suction or injection flow is of 
crucial importance for medical 
sciences as well as technical 
applications such as the cooling 
and drying of paper and textiles 
and the extrusion of metals and 
polymers, to name a few. It is 
used for problems with blood 
circulation, blood flow, cancer 
treatment, aerodynamics, and 
other things. Hence, the 
motivation for this study. To 
study the analytical and 
numerical effects of suction and 
injection on the transient flow of 
a viscous and electrically 
conductive fluid having thermal 
properties and buoyancy under 
the influence of slip flow 
conditions, a novel 
mathematical model is 
developed in the present study as 
an extension of the work by 
Hamza et al. [19]. The displayed 
line graphs have been used to 
examine the consequences of 
important control parameters 
embedded in the flow 

configuration. In addition, when 
comparing the numerical 
solution and the steady-state 
solution over a longer period, a 
high level of agreement was 
shown, confirming the accuracy 
and precision of the current 
analysis. 

 
II. Formulation of the 

Problem 
Envisage the unsteady free 

convection flow of an 
electrically conducting fluid in 
the involvement of 
suction/injection, gliding flow, 
and a transversely applied 
magnetic field of intensity B0, 
within two upstanding plates. It 
is initially thought that the liquid 
and the walls are at rest and have 
the same temperature T’m. 

The temperature of the walls is 
immediately increased or 
decreased to T’h or T’c, 
respectively, at time t' > 0, so 
that T’h > T’c holds, which is 
thereafter maintained to be 
constant. As shown in Figure 1, 
we have chosen a Cartesian 
coordinate system where the x-
axis is vertical, and the y-axis is 
normal to it. 
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Figure 1: Schematic representation of the flow problem

 
The thermal conductivity (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘) 

of the liquid is thought to be to 
changing linearly with 
temperature in the form 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 =
 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 [1 +  𝛿𝛿𝛿𝛿 (𝑇𝑇𝑇𝑇’−  𝑇𝑇𝑇𝑇’𝑚𝑚𝑚𝑚)] , see 
Elbarbary and Elgazery [49], 
where 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 is the free-flow heat 
of the liquid is conductivity and 
𝛿𝛿𝛿𝛿 is a constant that varies with 
the properties of the fluid, with 𝛿𝛿𝛿𝛿 
> 0 for fluids namely water and 
air and 𝛿𝛿𝛿𝛿 < 0 for fluids such as 
lubricating oils Elbarbary and 
Elgazery [49]. According to 
Hamza et al. [19] and 
Boussinesq's approximation, the 
modelled partial differential 
equations can be expressed in 
dimensional form as in Equation 
(1) and (2). 

∂u′
∂t′

= V0
∂u′
∂y′

+ υ ∂
2u′
∂y′2

+ gβ(T′ −

Tm′ ) − σB02u′
ρ

                            (1) 
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′

= 𝑉𝑉𝑉𝑉0
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′

+ 1
𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝑝𝑝𝑝𝑝

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
�𝑘𝑘𝑘𝑘𝑓𝑓𝑓𝑓

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
�  (2) 

The initial and boundary 
conditions of the current 
investigation are as Equation (3). 

t′ ≤ 0: u′ = Г
'
'

u
y
∂
∂

, T′ =

Tm′ , for 0 ≤ y′ ≤ H  
t′ > 0: u′Г 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕′
, T′ = Th′ , at y’ =

 0, u’ =  0, T′ = Tc′, at y’ =  H         
(3)                

To resolve Equation (1) to (3), 
we apply the nondimensional 
variables as in Equation (4). 

y = y′

H
, t = t′v

H2
 , U u′ν

gβ(Th
′ −Tm′ )H2

  

𝑀𝑀𝑀𝑀2 =
𝜎𝜎𝜎𝜎𝜎𝜎𝜎𝜎02𝐻𝐻𝐻𝐻2

𝜈𝜈𝜈𝜈𝜈𝜈𝜈𝜈
 , 𝑆𝑆𝑆𝑆 =

𝑉𝑉𝑉𝑉0𝐿𝐿𝐿𝐿
𝑣𝑣𝑣𝑣

 , 

y’ 

x’ 

 

y’=H y’=0 

g 

B0 

T’=Tc’ T’=Th’ 

u’ 

Fluid Injection Fluid suction 
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𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 =
𝑣𝑣𝑣𝑣𝜈𝜈𝜈𝜈𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚

 ,𝜃𝜃𝜃𝜃 =
𝑇𝑇𝑇𝑇 ′ − 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚′

𝑇𝑇𝑇𝑇ℎ′ − 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚′
 ,     

𝑅𝑅𝑅𝑅 = 𝜕𝜕𝜕𝜕𝑐𝑐𝑐𝑐′−𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚′

𝜕𝜕𝜕𝜕ℎ
′−𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚′

 , 𝜆𝜆𝜆𝜆 = 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿ℎ′ − 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚′ � (4) 

By using Equation (4) on 
Equations (1) to (3), the yield as 
Equation (5) and (6). 
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
− 𝑆𝑆𝑆𝑆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
= 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
− 𝑀𝑀𝑀𝑀2𝑈𝑈𝑈𝑈 + 𝜃𝜃𝜃𝜃 (5) 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑃𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
− 𝑆𝑆𝑆𝑆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� = (1 +

𝜆𝜆𝜆𝜆𝜃𝜃𝜃𝜃) 𝜕𝜕𝜕𝜕
2𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
+ 𝜆𝜆𝜆𝜆 𝜆𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�
2
                         (6) 

The initial and boundary 
conditions in the dimensionless 
form are shown in Equation (7). 
t<0: 𝑈𝑈𝑈𝑈 = Г𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
, 𝜃𝜃𝜃𝜃 = 0, 0 < 𝑦𝑦𝑦𝑦 < 1 

t>0: (0) = Г𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

,  𝜃𝜃𝜃𝜃 (0) = 1 
(1) = 0 , 𝜃𝜃𝜃𝜃(1)=𝑅𝑅𝑅𝑅                              (7) 

 
III. Method of Solution 
A. Regular Perturbation 

Method 
The approximations played an 

important role in the validation 
and study of computational 
solutions to challenging 
problems. Due to the non-
linearity of this problem, we 
transform the governing 
equations into a state that can be 
determined analytically. 
Substituting 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0, and 

𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃/𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0 into Equation (5) and 
(6), we get Equation (8) and (9). 
𝑑𝑑𝑑𝑑2𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2

+ 𝑆𝑆𝑆𝑆 𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
− 𝑀𝑀𝑀𝑀2𝑈𝑈𝑈𝑈 = −𝜃𝜃𝜃𝜃        (8) 

(1 + 𝜆𝜆𝜆𝜆𝜃𝜃𝜃𝜃) 𝑑𝑑𝑑𝑑
2𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2
+ 𝑆𝑆𝑆𝑆 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
+

𝜆𝜆𝜆𝜆 𝜆𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
2

= 0                                     (9) 

The boundary conditions are as 
Equation (10). We used a regular 
perturbation technique in the 
variable thermal conductivity 
parameter 𝜆𝜆𝜆𝜆 to create an 
approximate solution to 
Equation (8) and Equation (9) 
restricted to Equation (10).         
(0) = Г∂U

∂y
,  𝜃𝜃𝜃𝜃 (0)= 1 

(1) = 0 , 𝜃𝜃𝜃𝜃(1)=𝑅𝑅𝑅𝑅                    (10) 
θ = θ0 + λθ1
U = U0 + λU1

�                     (11) 

By inserting Equation (11) into 
Equation (8) to (10), the 
solutions of the velocity and 
temperature are derived as in 
Equation (12) and (13). 
θ = A + Be−SPr y + λ[C +
De−SPry + ABS Pr y e−SPry −
B2e−2SPry]                                  (12) 
𝑈𝑈𝑈𝑈 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕 + 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹−𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕 + 𝐺𝐺𝐺𝐺 +
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕 +

𝜆𝜆𝜆𝜆 𝜆
𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕 + 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽−𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕 + 𝐾𝐾𝐾𝐾 +
𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕 + 𝑄𝑄𝑄𝑄𝑦𝑦𝑦𝑦𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕

+𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁−2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕
�   (13) 
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The Nusselt number and skin 
friction have been calculated as 
Equation (14) to (17). 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=0

=

−𝐵𝐵𝐵𝐵𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+ 𝜆𝜆𝜆𝜆[−𝐷𝐷𝐷𝐷𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 +
2𝐵𝐵𝐵𝐵2]                                               (14) 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=1

= −𝐵𝐵𝐵𝐵𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +

𝜆𝜆𝜆𝜆[−𝐷𝐷𝐷𝐷𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +
𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −
𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵(𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)2𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 2𝐵𝐵𝐵𝐵2𝑒𝑒𝑒𝑒−2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]      

(15)  
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=0

= 𝑃𝑃𝑃𝑃1𝐸𝐸𝐸𝐸 − 𝑃𝑃𝑃𝑃2𝐹𝐹𝐹𝐹 −

𝐻𝐻𝐻𝐻𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 + 𝜆𝜆𝜆𝜆[𝑃𝑃𝑃𝑃1𝐼𝐼𝐼𝐼 − 𝑃𝑃𝑃𝑃2𝐽𝐽𝐽𝐽 −
𝐿𝐿𝐿𝐿𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+𝑄𝑄𝑄𝑄 − 2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]                 (16) 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=1

= 𝑃𝑃𝑃𝑃1𝐸𝐸𝐸𝐸𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟1 − 𝑃𝑃𝑃𝑃2𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒−𝑟𝑟𝑟𝑟2 −

𝐻𝐻𝐻𝐻𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 𝜆𝜆𝜆𝜆[𝑃𝑃𝑃𝑃1𝐼𝐼𝐼𝐼𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟1 −
𝑃𝑃𝑃𝑃2𝐽𝐽𝐽𝐽𝑒𝑒𝑒𝑒−𝑟𝑟𝑟𝑟2 − 𝐿𝐿𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +
𝑄𝑄𝑄𝑄𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑄𝑄𝑄𝑄𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −
2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑒𝑒𝑒𝑒−2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]                               (17) 
The constants used are all 
indicated in the appendix section. 
 
B. Numerical Solution 

The semi-implicit finite 
difference approach is employed 
for the numerical solution of the 
time dependent equations as in 
Equations (5) to (7). The 
forward difference formulas 
were applied to all time 

derivatives, and the central 
difference formula was used to 
approximate the spatial 
derivatives. The semi-implicit 
finite difference equations 
associated with Equations (5) to 
(7) as in Equation (18) and (19). 
−𝑃𝑃𝑃𝑃1𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖+1 + [1 + 2𝑃𝑃𝑃𝑃1]𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖+1 −
𝑃𝑃𝑃𝑃1𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖+1 = [1 −𝑀𝑀𝑀𝑀2𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕]𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 +
𝑃𝑃𝑃𝑃2�𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 � + 𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖       (18)  
−𝑃𝑃𝑃𝑃𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖+1 + [𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+ 2𝑃𝑃𝑃𝑃]𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖+1 −
𝑃𝑃𝑃𝑃𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖+1 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 + 𝑃𝑃𝑃𝑃2𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃�𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 −

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 � + 𝑃𝑃𝑃𝑃3�𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 �
2
     (19) 

The boundary condition as in 
Equation (20). 

𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 𝛤𝛤𝛤𝛤 �
𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗+1
𝑖𝑖𝑖𝑖 −𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗−1

𝑖𝑖𝑖𝑖

2𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕
� ,

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 1,𝑦𝑦𝑦𝑦 = 0
𝑈𝑈𝑈𝑈𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 = 0,𝜃𝜃𝜃𝜃𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝑦𝑦𝑦𝑦 = 1⎭

⎪
⎬

⎪
⎫

      (20) 

where, 

𝑃𝑃𝑃𝑃 =
𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕�1 + 𝜆𝜆𝜆𝜆𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖�

(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 , 𝑃𝑃𝑃𝑃1 =
𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕

(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 , 

𝑃𝑃𝑃𝑃2 =
𝑆𝑆𝑆𝑆𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥
2𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦

, 𝑃𝑃𝑃𝑃3 =
𝜆𝜆𝜆𝜆𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥

4(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 

The semi-implicit finite 
difference scheme is 
unconditionally stable (works 
for any time step size) and 
convergent. See Makinde and 
Chinyoka [50]. 
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The Nusselt number and skin 
friction have been calculated as 
Equation (14) to (17). 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=0

=

−𝐵𝐵𝐵𝐵𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+ 𝜆𝜆𝜆𝜆[−𝐷𝐷𝐷𝐷𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 +
2𝐵𝐵𝐵𝐵2]                                               (14) 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=1

= −𝐵𝐵𝐵𝐵𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +

𝜆𝜆𝜆𝜆[−𝐷𝐷𝐷𝐷𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +
𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −
𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵(𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)2𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 2𝐵𝐵𝐵𝐵2𝑒𝑒𝑒𝑒−2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]      

(15)  
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=0

= 𝑃𝑃𝑃𝑃1𝐸𝐸𝐸𝐸 − 𝑃𝑃𝑃𝑃2𝐹𝐹𝐹𝐹 −

𝐻𝐻𝐻𝐻𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 + 𝜆𝜆𝜆𝜆[𝑃𝑃𝑃𝑃1𝐼𝐼𝐼𝐼 − 𝑃𝑃𝑃𝑃2𝐽𝐽𝐽𝐽 −
𝐿𝐿𝐿𝐿𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+𝑄𝑄𝑄𝑄 − 2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]                 (16) 
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕=1

= 𝑃𝑃𝑃𝑃1𝐸𝐸𝐸𝐸𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟1 − 𝑃𝑃𝑃𝑃2𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒−𝑟𝑟𝑟𝑟2 −

𝐻𝐻𝐻𝐻𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 𝜆𝜆𝜆𝜆[𝑃𝑃𝑃𝑃1𝐼𝐼𝐼𝐼𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟1 −
𝑃𝑃𝑃𝑃2𝐽𝐽𝐽𝐽𝑒𝑒𝑒𝑒−𝑟𝑟𝑟𝑟2 − 𝐿𝐿𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 +
𝑄𝑄𝑄𝑄𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑄𝑄𝑄𝑄𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒−𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −
2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑒𝑒𝑒𝑒−2𝑆𝑆𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃]                               (17) 
The constants used are all 
indicated in the appendix section. 
 
B. Numerical Solution 

The semi-implicit finite 
difference approach is employed 
for the numerical solution of the 
time dependent equations as in 
Equations (5) to (7). The 
forward difference formulas 
were applied to all time 

derivatives, and the central 
difference formula was used to 
approximate the spatial 
derivatives. The semi-implicit 
finite difference equations 
associated with Equations (5) to 
(7) as in Equation (18) and (19). 
−𝑃𝑃𝑃𝑃1𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖+1 + [1 + 2𝑃𝑃𝑃𝑃1]𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖+1 −
𝑃𝑃𝑃𝑃1𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖+1 = [1 −𝑀𝑀𝑀𝑀2𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕]𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 +
𝑃𝑃𝑃𝑃2�𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 � + 𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖       (18)  
−𝑃𝑃𝑃𝑃𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖+1 + [𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃+ 2𝑃𝑃𝑃𝑃]𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖+1 −
𝑃𝑃𝑃𝑃𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖+1 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 + 𝑃𝑃𝑃𝑃2𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃�𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 −

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 � + 𝑃𝑃𝑃𝑃3�𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗+1𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗−1𝑖𝑖𝑖𝑖 �
2
     (19) 

The boundary condition as in 
Equation (20). 

𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 𝛤𝛤𝛤𝛤 �
𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗+1
𝑖𝑖𝑖𝑖 −𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗−1

𝑖𝑖𝑖𝑖

2𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕
� ,

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 1,𝑦𝑦𝑦𝑦 = 0
𝑈𝑈𝑈𝑈𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 = 0,𝜃𝜃𝜃𝜃𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝑦𝑦𝑦𝑦 = 1⎭

⎪
⎬

⎪
⎫

      (20) 

where, 

𝑃𝑃𝑃𝑃 =
𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕�1 + 𝜆𝜆𝜆𝜆𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖�

(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 , 𝑃𝑃𝑃𝑃1 =
𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕

(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 , 

𝑃𝑃𝑃𝑃2 =
𝑆𝑆𝑆𝑆𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥
2𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦

, 𝑃𝑃𝑃𝑃3 =
𝜆𝜆𝜆𝜆𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥

4(𝛥𝛥𝛥𝛥𝑦𝑦𝑦𝑦)2 

The semi-implicit finite 
difference scheme is 
unconditionally stable (works 
for any time step size) and 
convergent. See Makinde and 
Chinyoka [50]. 
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The suction/injection 
parameter (S), slip flow 
parameter (Г), Prandtl number 
(Pr), the magnetic number (M), 
the variable thermal 
conductivity parameter (𝜆𝜆𝜆𝜆), and 
the buoyancy force distribution 
parameter (R) are the non-
dimensional parameters that 
control the flow configuration. 
The analytical and numerical 
results for momentum, energy, 
frictional factor, and heat 
transfer rate for major pertinent 
parameters dictating the flow are 
presented graphically. To 
ascertain the precision and 
correctness of the numerical 
approach, the approximate 
solutions described in the 
previous section are used. The 

numerical findings for 
momentum and energy are 
compared to the approximations 
to ensure the accuracy of the 
system. It is interesting to report 
that the numerical results of the 
momentum and energy 
distributions derived in 
Equations (12) and (13) agree 
well with the numerical values 
of the velocity and temperature 
deduced from Equation (18) at 
the unsteady state time as 
depicted in Figure 2. Further, 
Figure 3 showcases the 
relationship between the work of 
Hamza et al.  [19] and the current 
work when S = 0 and Г = 0. The 
comparison portrays an 
excellent relationship at steady 
state time. 

 

 
                               (a) Velocity                        (b) Temperature gradients 

Figure 2: Graphs of numerical solutions and approximate solutions 
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Figure 3 showcases the 
relationship between the work of 
Hamza et al.  [19] and the current 
work when S = 0 and Г = 0. The 
comparison portrays an 
excellent relationship at steady 
state time. 
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Figure 3: Comparison of [19] with the present results for the numerical solutions 

and the approximated solutions at R=1, t=0.1 and 0.2 

The functions of the suction 
and injection parameters (S) and 
the dimensionless time (t) on the 
temperature and velocity 
distributions for the cases (i.e. R 
= 0 and R = 1), respectively, are 
shown in Figures 4 and Figure 5. 
It is evident that increasing the 
injection parameter S is seen to 
drastically improve the fluid 
velocity while raising the 
suction parameter is observed to 
produce the opposite effect. 
Additionally, the impact of 
varying thermal property 
parameter (𝜆𝜆𝜆𝜆) and time(𝜕𝜕𝜕𝜕) for the 
both cases for temperature and 
velocity profiles is noticed to be 
strengthened until a steady-state 

time is attained. This is 
understandable since increasing 
values improves the energy 
difference between the outer 
region of the plate and the 
surrounding of the boundary 
layer according to the 
relationship 𝜆𝜆𝜆𝜆 = 𝛿𝛿𝛿𝛿 ( )' '

h mT T− . 

According to Elbarbary and 
Elgazery [49], this results in heat 
moving swiftly from a plate to a 
liquid inside the boundary layer. 
Because of this, the gradients of 
both momentum and energy 
increased. It implies that as 𝜆𝜆𝜆𝜆 
grows, so do the fluid flow and 
the thermal boundary layer 
thickness. 
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                                (a) R=0                                               (b) R=1 

Figure 4: Impact of varying S, λ and t on unsteady temperature gradient 

 
(a) R=0                                               (b) R=1 

Figure 5: Impact of varying S, λ and t on unsteady velocity gradient for constant 
value of Г 

 
Figure 6 shows the pattern of 

fluid motion for varying values 
of the magnetic parameter (M) 
and non-dimensional time (t) on 
the temperature and velocity 
distributions for the asymmetric 
and symmetric cases. According 
to Figure 6 (a), the fluid velocity 
is highest in the region near the 
heated wall (y=0) and steadily 
weakens as it flows towards the 

cold plate (y=1). Figure 6 makes 
it evident that for all considered 
values of M, there is a 
symmetrical flow between the 
walls and that the figures have a 
parabolic shape. Additionally, it 
is obvious that rising values of 
M oppose the flow velocity 
along the channel surfaces in 
Figure 6. The availability of a 
magnetic effect creates a 
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resistivity force (the Lorentz 
force) that restrains velocity and 

is the fundamental cause of this 
behaviour. 

 
(a) R=0                                               (b) R=1 

Figure 6: Impact of varying S, M and t on unsteady velocity gradient for constant 
values of Pr and Г at (a) R=0 and (b) R=1 

 
Figure 7 decribes the response 

of the suction/injection 
parameter (S) on the variable 
thermal conductivity 𝜆𝜆𝜆𝜆 to the 
heat transfer rate for non-
dimensional time in asymmetric 
and symmetric cases. It can be 
seen from the figures that 

increasing the injection 
parameter and time t weakens 
the heat transfer rate at the plate 
(y = 0), while at higher values of 
the suction parameters, in both 
cases, an inverse effect occurs 
until a steady state is reached. 

 
Figure 7: Deviation of unsteady and steady state Nusselt number versus λ for 

varying values of S and R at y=0 and y=1 
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Similarly, the implications of 
varying the suction/injection 
parameter (S) versus 𝜆𝜆𝜆𝜆 on the 
skin friction are showcased in 
Figures 8 for a non-dimensional 
time at R = 0 and R = 1, 
respectively. As expected, there 

is a stronger frictional force as 
the suction parameter and time 
are increased. However, a 
contrast behavior is established 
for rising values of the injection 
factor. 

 
Figure 8: Deviation of unsteady and steady state Skin friction versus λ for varying 

values of S and R at y=0 and y=1 
 

The sheer stress response in 
favor of magnetic parameter for 
ascending values of time at the 
plates 𝑦𝑦𝑦𝑦=0 and 𝑦𝑦𝑦𝑦=1 is elucidated 
in Figure 9 for 𝑅𝑅𝑅𝑅=0 and R=1. 
These figures portray that the 
drag force diminishes as M and t 
grow in asymmetric cases, as 
shown in Figure 9(a) and (b). 
Figure 9(c) and (d) are sketched 
to illustrate the actions of M on 
the drag force at both plates for 

R=1. It is noticeable that the skin 
friction decays as M grows. 

The function of the velocity 
slip effect on the frictional factor 
for changing values of 𝜕𝜕𝜕𝜕 at the 
plates 𝑦𝑦𝑦𝑦=0 and 𝑦𝑦𝑦𝑦=1 is plotted in 
Figure 10 for 𝑅𝑅𝑅𝑅=0 and R=1. It is 
clear from these figures that an 
escalation in the frictional factor 
is envisaged at both channel 
plates as 𝛾𝛾𝛾𝛾  and 𝜕𝜕𝜕𝜕 increase for 
both asymmetric and symmetric 
cases. 
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Figure 9: Deviation of unsteady and steady state Skin friction against M for 

different values of t and R at y=0 and y=1 

 
Figure 10: Deviation of unsteady and steady state Skin friction versus 𝛾𝛾𝛾𝛾 for 

varying values of t and R at y=0 and y=1 
 

V. Conclusions 
The analysis of unsteady and 

steady hydro-magnetic free 
convection of an incompressible 
and electrically conductive fluid 
flowing through two upright 
plates with asymmetric and 
symmetric temperatures on the 
channel’s surface in the 
coexistence of suction/injection 

and slip effects has been 
investigated with the 
involvement of thermal property 
and a uniformly imposed 
magnetic field. The approximate 
and numerical solutions of the 
formulated partial differential 
equations have been derived 
employing the regular 
perturbation technique and the 
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semi-implicit finite difference 
scheme, respectively. The 
highlights of the key findings are 
summarized below: 
i. The thermal and velocity 

flow gradients are seen to be 
opposed/encouraged for 
mounting values of 
suction/injection and 
nondimensional time for both 
asymmetric and symmetric 
cases. 

ii. It is revealed that fluid 
motion and temperature are 
encouraged with mounting 
levels of thermal property 
and nondimensional time for 
both asymmetric and 
symmetric heating 
conditions. 

iii. Uplifting the magnetic 
number lowers the fluid 
motion, but raising the 
nondimensional time 
encourages the velocity for 
both R = 0 and R = 1. 

iv. The heat transfer amount and 
sheer stress are discovered to 
be boosted for growing 
values of the injection 
parameter at the plate (y = 0), 
but the converse behavior 
occurs at y =1 when fluid 
suction is raised. 

v. Skin friction is a growing 
function of the slip parameter 
at both plates due to 
symmetric heating 
conditions. 

vi. In the future, this work will 
be extended to consider the 
effects of porous medium and 
mixed convection. 
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g = Force due to gravity [m/s2] 
H = Width of the channel [m] 
CpCv = Specific heats at constant 

pressure and constant 
volume [Jkg-1K-1] 

λ = Dimensionless variable 
thermal conductivity 

R = Buoyancy force parameter 
Γ = Slip flow parameter 
K = Darcy number 
Gre = Mixed convection 

parameter 
γ = Pressure gradient 
M = Magnetic field 
S = Suction/injection 

parameter 
Pr = Prandlt number 
Nu = Heat transfer rate (non-

dimensional) 
T = Temperature of the fluid 

(non-dimensional) [K] 
T0 = Reference temperature [K] 
T*

∞ = The temperature far away 
from the plate K 

U = Velocity of the fluid (non-
dimensional) [ms-1] 

y = Distance between plates 
U0 = Reference velocity [ms-1] 
β = Coefficient of thermal 

expansion [K-1] 
µ = Variable fluid viscosity 

[kgm-1s-1] 
k = Thermal conductivity 

[m.kg/s3.K] 
α = Diffusivity of the Thermal 

gradient [m2s-1] 
σ = Fluid’s electrical 

conductivity [s3m2/kg] 
ρ = Fluid density [kgm-3] 
v  Kinematic viscosity of the 

fluid[m2s-1] 
α = Diffusivity of the Thermal 

gradient [m2s-1] 
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